
A QUICK INTRODUCTION TO CLASSICAL

GEOMETRIC DISCREPANCY THEORY

WILLIAM CHEN

1. Introduction

Classical geometric discrepancy theory originates from a fundamental paper of
Roth [23] in 1954, where a problem of van der Corput [15, 16] in 1935 on infinite
sequences of real numbers is studied in a geometric setting. There follows a series
of papers by Schmidt in the 1960s and 1970s, as well as an influential set of lecture
notes [29]. The subject also benefits from the many contributions of Beck from
the early 1980s and Skriganov from the early 1990s. More recent work includes
contributions from Bilyk and Lacey, amongst many others.

Let U be a bounded region in k-dimensional euclidean space Rk, and let P be a
set of N points in U . We shall measure the irregularity of the distribution of the
set P by an infinite collection of geometric objects.

More precisely, let B be an infinite collection of measurable subsets B of U . For
every B ∈ B, we can study the discrepancy

D[P;B] = |P ∩B| −Nµ(B),

the difference between the number of points of P that fall into B and its statistical
expectation. Here µ(B) simply denotes the usual Lebesgue measure of B.

We can study the extreme discrepancy

‖D[P]‖∞ = sup
B∈B
|D[P;B]|

of P with respect to the system B. Furthermore, if B is endowed with an integral
geometric measure dB, we can also study the average discrepancy

‖D[P]‖q =

(∫

B
|D[P;B]|q dB

) 1
q

of P with respect to the system B for any positive real number q.
Loosely speaking, lower bound results say that all point sets B are bad, whereas

upper bound results say that some are not too bad. Thus we seek to establish lower
and upper bounds for the quantities

inf
|P|=N

‖D[P]‖∞ (1)

and

inf
|P|=N

‖D[P]‖q (2)

in terms of the parameter N , where the proportionality constants may depend on
the collection B. If we can establish lower and upper bounds of the same order of
magnitude, then the problem is essentially completely solved.
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Notation. For any complex-valued function f and any positive function g, we write
f = O(g) to denote that there exists a positive constant C such that |f | 6 Cg, and
write f = Oδ(g) if the positive constant C may depend on a parameter δ. We also
use the Vinogradov notation, where f � g if f = O(g), and f �δ g if f = Oδ(g).
We also write f � g and f �δ g to denote respectively g � f and g �δ f , but here
both f and g must be positive functions. The letters Z and R denote respectively
the set of all integers and the set of all real numbers. For any real number z, we
write e(z) = e2πiz, and write [z] and {z} to denote respectively the integer part and
the fractional part of z, i.e.

[z] = max{n ∈ Z : n 6 z} and {z} = z − [z].

For any finite set S, we denote by |S| the cardinality of S. For any probabilistic
variable ξ, we denote by Eξ the expected value of ξ.

Example. For the classical problem formulated by Roth in 1954, we take U = [0, 1]k,
the unit cube in k-dimensional euclidean space, and

B = {B(x) = [0, x1)× . . .× [0, xk) : x ∈ [0, 1]k}
denotes the collection of all aligned rectangular boxes in U anchored at the origin.

10 2. THE CLASSICAL DISCREPANCY PROBLEM

Conjecture (van der Corput 1935). Suppose that (si)i!N is a real sequence
in I = [0, 1). Corresponding to any arbitrarily large real number !, there exist a
positive integer n and two subintervals I1 and I2, of equal length, of I such that

|Z(I1, n) ! Z(I2, n)| > !.

In short, this conjecture expresses the fact that no sequence can, in a certain
sense, be too evenly distributed.

This conjecture is true, as shown by van Aardenne-Ehrenfest in 1945. Indeed,
we have the following refinement.

Theorem 2.1 (van Aardenne-Ehrenfest 1949). Suppose that (si)i!N is a real
sequence in I = [0, 1). Suppose further that N " N is su!ciently large. Then

(2.3) sup
1!n!N
0<!!1

|D([0,"), n)| # log log N

log log log N
.

This result immediately raises the question of which functions f(N) satisfy the
following assertion.

Assertion A. For every real sequence (si)i!N in I = [0, 1) and every N " N,
we have

(2.4) sup
1!n!N
0<!!1

|D([0,"), n)| # f(N).

Next, we consider Roth’s formulation of the problem in 1954.
Suppose that P is a distribution of N points in the unit square [0, 1]2. For every

aligned rectangle B(x) = [0, x1) $ [0, x2), where x = (x1, x2) " [0, 1]2,
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let Z[P;B(x)] denote the number of points of P that fall into B(x), and consider
the discrepancy

(2.5) D[P;B(x)] = Z[P;B(x)] ! Nx1x2,

noting that Nx1x2 represents the expected number of points of P that fall into the
rectangle B(x).

We now consider the corresponding question of which functions g(N) satisfy the
following assertion.

Assertion B. For every distribution P of N points in the unit square [0, 1]2,
we have

(2.6) sup
x![0,1]2

|D[P;B(x)]| # g(N).

A natural integral geometric measure for these boxes is given by dB = dx, the
usual Lebesgue measure of the top right vertices x. We shall see later that this
is an example of small discrepancy phenomenon, where the orders of magnitude of
the quantities (1) and (2) are logarithmic in size as functions of N .

Example. Let U = [0, 1]2, treated as a torus. In the 1960s, Schmidt has studied the
quantity (1) for the collection B of all tilted rectangles in U and for the collection
B of all circular discs in U , obtaining somewhat comparable results. These are
examples of large discrepancy phenomenon, where the orders of magnitude of the
quantities (1) are no longer logarithmic in size as functions of N .

2. Discrepancy with respect to Similar Copies of a Convex Set

Let U = [0, 1]k, treated as a torus. Suppose that A is a convex compact set in
U satisfying some mild technical condition1. We take

B = {A(λ, τ,x) : λ ∈ [0, 1], τ ∈ T ,x ∈ [0, 1]k}
to be a collection of similar copies of A, each obtained from A by a contraction λ, an
orthogonal transformation τ and a translation x, with integral geometric measure
dB = dλ dτ dx, where the measure dτ in the group T is normalized to have total
measure unity.

1Loosely speaking, the set A must not be too thin.
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Beck [2] has shown in 1987 that

inf
|P|=N

‖D[P]‖2 �A N
1
2− 1

2k . (3)

It follows immediately that

inf
|P|=N

‖D[P]‖∞ �A N
1
2− 1

2k , (4)

and also that

inf
|P|=N

‖D[P]‖q �A,q N
1
2− 1

2k , q > 2.

The estimate (4) is almost sharp, as Beck [1] has shown earlier in 1981 that

inf
|P|=N

‖D[P]‖∞ �A N
1
2− 1

2k (logN)
1
2 . (5)

On the other hand, the estimate (3) is sharp. A proof of this has never been
published in an original research paper. However, the inequality

inf
|P|=N

‖D[P]‖2 �A N
1
2− 1

2k (6)

follows as a very easy special case of a more general result of Beck and Chen [5] in
1990. This has been extended to

inf
|P|=N

‖D[P]‖q �A,q N
1
2− 1

2k

by Chen [13], again as a relatively easy special case of a more general result.

In other words, there is still a gap of (logN)
1
2 between the lower and upper

bounds in the extreme discrepancy problem, while the average discrepancy problem
is essentially solved for every real number q > 2.

On the other hand, not much is known when q < 2.
Let U = [0, 1]2, treated as a torus. Suppose that A is a convex polygon in U .

As before, we take

B = {A(λ, τ,x) : λ ∈ [0, 1], τ ∈ T ,x ∈ [0, 1]2}
to be a collection of similar copies of A. Note that corresponding to (3), we have
the lower bound

inf
|P|=N

‖D[P]‖2 �A N
1
4 .

For upper bounds, we have the surprising result, due to Beck and Chen [6] in 1993,
that

inf
|P|=N

‖D[P]‖1 �A (logN)2.

In fact, it can be shown that

inf
|P|=N

‖D[P]‖q �A N
1
2− 1

2q , 1 < q 6 2.

Note that the exponent 1
2 − 1

2q runs through the interval (0, 14 ] as q runs through

the interval (1, 2].
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2.1. Upper Bounds. Let us explain the ideas behind the estimate (5).
We shall restrict our discussion to dimension k = 2, as the extension to higher

dimensions is rather straightforward. For simplicity, assume that N = M2 is the
square of a positive integer.

We partition [0, 1]2 into N = M2 little squares.

1

Denote by S the collection of all little squares S. We now place one point anywhere
in each little square S ∈ S. Denote by P the collection of these N points. This is
a deterministic point set.

Now take any convex set B ∈ B.

!"
#$

1

We shall try to bound |D[P;B]| from above. Clearly

D[P;B] =
∑

S∈S
D[P;S ∩B].

Note that D[P;S ∩B] = 0 whenever S ∩B = ∅ or S ⊆ B, so that only those little
squares S ∈ S satisfying S ∩ ∂B 6= ∅ contribute,

!"
#$

1

and we have

D[P;B] =
∑

S∈S
S∩∂B 6=∅

D[P;S ∩B].
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We thus obtain the almost trivial estimate

|D[P;B]| 6
∑

S∈S
S∩∂B 6=∅

|D[P;S ∩B]| �M = N
1
2 .

To improve on this, we need probabilistic tools.
For each little square S ∈ S, let p̃S ∈ S denote a random point which is uniformly

distributed within S, and independently from other random points in other little
squares. We thus have a random point set

P̃ = {p̃S : S ∈ S}.
For each S ∈ S, introduce a random variable

ξS =

{
1, if p̃S ∈ B,
0, if p̃S 6∈ B,

with discrepancy ηS = ξS − EξS . Then

D[P̃;B] =
∑

S∈S
ηS =

∑

S∈S
S∩∂B 6=∅

ηS =
∑

S∈S
S∩∂B 6=∅

(ξS − EξS). (7)

The last expression suggests appealing to results on large deviation.
Roughly speaking, consider some finite subset H ⊂ B, where every B ∈ B can

be well approximated by sets H1, H2 ∈ H, in the sense that H1 ⊂ B ⊂ H2, and
µ(B \H1) and µ(H2 \B) are small. Here we are being economical with the truth,
as such a set H does not exist unless we are allowed to include some similar copies
of A that are larger than A.

Applying large deviation results, such as Bernstein–Chernoff or Hoeffding, on
each H ∈ H, we obtain

Prob
(
|D[P̃;H]| > CN

1
4 (logN)

1
2

)
6 1

2
(|H|)−1,

so that

Prob
(
|D[P̃;H]| > CN

1
4 (logN)

1
2 for some H ∈ H

)
6 1

2
.

The deduction of the upper bound (6) is somewhat easier. Note from (7) that

|D[P̃;B]|2 =
∑

S1,S2∈S
S1∩∂B 6=∅
S2∩∂B 6=∅

ηS1
ηS2

.

Taking expectation over all the N random points, we obtain

E
(
|D[P̃;B]|2

)
=

∑

S1,S2∈S
S1∩∂B 6=∅
S2∩∂B 6=∅

E(ηS1
ηS2

).

Note that the random variables ηS1
and ηS2

are independent whenever S1 6= S2, so
that E(ηS1

ηS2
) = E(ηS1

)E(ηS2
) = 0, and so the only non-zero contribution to the

above sum comes when S1 = S2. Thus

E
(
|D[P̃;B]|2

)
6

∑

S∈S
S∩∂B 6=∅

1� N
1
2 .
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2.2. Lower Bounds. We now briefly describe the main idea behind the lower
bound (3).

Write Tk = [0, 1]k, treated as a torus.
For every convex and compact set B ⊆ [0, 1]k, we have y ∈ B + x if and only if

χ−B(x− y) = 1, so that

D[P;B + x] =
∑

p∈P
χ−B(x− p)−N

∫

Tk

χ−B(x− y) dµ(y)

=

∫

Tk

χ−B(x− y) (dZ −Ndµ)(y),

where dZ denotes the counting measure of P. Thus, under translation, discrepancy

D = χ−B ∗ (dZ −Ndµ)

is a convolution of geometry and measure.
Lower bounds apply to all point sets P, so there is limited information on the

measure part of this convolution, and we need to work on the geometry part alone.
By passing over to the Fourier transforms, we can separate geometry and measure.

We illustrate this by looking at a simple example.
Let A denote the square [− 1

4 ,
1
4 ]2. For every r ∈ [0, 14 ], θ ∈ [0, 2π] and x ∈ T2, let

A(r, θ) denote the square [−r, r]2 rotated anticlockwise about origin by an angle θ,
and let A(r, θ,x) = A(r, θ)+x. Suppose that χr,θ denotes the characteristic function
of A(r, θ) = −A(r, θ). Then

D[P;A(r, θ,x)] =

∫

T2

χr,θ(x− y)(dZ −Ndµ)(y).

It then follows from Parseval’s identity that
∫

T2

|D[P;A(r, θ,x]|2 dx =
∑

0 6=t∈Z2

|χ̂r,θ(t)|2|φ(t)|2,

where φ = Ẑ −Nµ.
We now work on the term |χ̂r,θ(t)|2. Ideally we would like something such as

|χ̂r,θ(t)|2
|χ̂s,θ(t)|2

� r

s
.

However, this uses only one rotated square with no extra rotation or contraction,
so is too good to be true. We consider instead averages of the form

ωq(t) =
1

q

∫ q

1
2 q

∫ 1
4π

− 1
4π

|χ̂r,θ(t)|2 dθ dr.

Then it can be shown that

ωq(t)

ωp(t)
� q

p
, uniformly for all t ∈ Z2. (8)

The quantity ωp(t) can be trivially calculated when p is small, so (8) is an
example of blowing up the trivial error.
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3. A Sweet Example of Blowing up the Trivial Error

In this section, we describe one of the most elegant and simple proofs in the
whole of discrepancy theory.

A few years ago, I received the following email from Wolfgang Schmidt.

Dear William,
Recently I came upon some old writing of yours about me and chocolate. Actu-

ally my son had found it someplace on the internet and forwarded it to me. It is
the note which contains two lemmas.

Lemma 1. Wolfgang Schmidt loves chocolate.
Lemma 2. Pat Schmidt makes lovely chocolate cake.
I am very touched by your kind comments. Am I forgetful or what, but I don’t

remember hearing you talk about this at a conference or reading it before. My
son talked about your writing to my grandson (8 years) who then wrote about
it in a school project, saying he liked me because I like chocolate and I am funny.
Unfortunately I now have to eat less chocolate. I had kidney stones and nutritionists
(they are bad people) say I should avoid chocolate and some other food to prevent
kidney stones from recurring . . .

Best wishes, Wolfgang.

This concerns what I have christened Schmidt’s chocolate theorem, which is the
2-dimensional case of a result of Schmidt [27] in 1975.

Consider the unit square U = [0, 1]2. Let B denote the collection of all convex
subsets of U . Then

inf
|P|=N

sup
B∈B
|D[P;B]| � N

1
3 .

In other words, for every distribution P of N points in [0, 1]2, there exists a convex
subset B ⊂ [0, 1]2 such that

|D[P;B]| � N
1
3 .

We remark that the exponent 1
3 here is best possible.

Think of the unit square [0, 1]2 as a square plate. On the plate is a cake, the
disc of diameter 1. Think of the N points as N chocolates, some on the cake and
others on the plate.

Next, a disc segment of area 1
2N is a tiny piece of cake. Elementary calculations

show that there are > cN
1
3 non-overlapping disc segments of area 1

2N . There are
two types of such disc-segments.
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Those that do not contain any points have discrepancy − 1
2 , whereas those that

contain some points have discrepancy > 1
2 .

Consider two possible options.
More greedy option: Cut off all disc segments with points, i.e. eat cake with

more than fair share of chocolates.
Less greedy option: Cut off all disc segments without points, i.e. eat cake with

less than fair share of chocolates.
Note that whichever option is chosen, the remainder of the cake is convex.

Clearly the difference in the discrepancy between the two options is > 1
2cN

1
3 . Thus

one of the two convex remainders has discrepancy > 1
4cN

1
3 .

4. The Classical Discrepancy Problem

We now consider the classical problem formulated by Roth [23] in 1954.
Consider the k-dimensional unit square U = [0, 1]k. We write

B = {B(x) = [0, x1)× . . .× [0, xk) : x ∈ [0, 1]k},
the collection of all aligned rectangular boxes anchored at the origin, with integral
geometric measure dB = dx, the usual Lebesgue measure.

10 2. THE CLASSICAL DISCREPANCY PROBLEM

Conjecture (van der Corput 1935). Suppose that (si)i!N is a real sequence
in I = [0, 1). Corresponding to any arbitrarily large real number !, there exist a
positive integer n and two subintervals I1 and I2, of equal length, of I such that

|Z(I1, n) ! Z(I2, n)| > !.

In short, this conjecture expresses the fact that no sequence can, in a certain
sense, be too evenly distributed.

This conjecture is true, as shown by van Aardenne-Ehrenfest in 1945. Indeed,
we have the following refinement.

Theorem 2.1 (van Aardenne-Ehrenfest 1949). Suppose that (si)i!N is a real
sequence in I = [0, 1). Suppose further that N " N is su!ciently large. Then

(2.3) sup
1!n!N
0<!!1

|D([0,"), n)| # log log N

log log log N
.

This result immediately raises the question of which functions f(N) satisfy the
following assertion.

Assertion A. For every real sequence (si)i!N in I = [0, 1) and every N " N,
we have

(2.4) sup
1!n!N
0<!!1

|D([0,"), n)| # f(N).

Next, we consider Roth’s formulation of the problem in 1954.
Suppose that P is a distribution of N points in the unit square [0, 1]2. For every

aligned rectangle B(x) = [0, x1) $ [0, x2), where x = (x1, x2) " [0, 1]2,
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let Z[P;B(x)] denote the number of points of P that fall into B(x), and consider
the discrepancy

(2.5) D[P;B(x)] = Z[P;B(x)] ! Nx1x2,

noting that Nx1x2 represents the expected number of points of P that fall into the
rectangle B(x).

We now consider the corresponding question of which functions g(N) satisfy the
following assertion.

Assertion B. For every distribution P of N points in the unit square [0, 1]2,
we have

(2.6) sup
x![0,1]2

|D[P;B(x)]| # g(N).

In his ground-breaking paper, Roth has shown that

inf
|P|=N

‖D[P]‖2 �k (logN)
k−1
2 . (9)

It follows immediately that

inf
|P|=N

‖D[P]‖∞ �k (logN)
k−1
2 . (10)

This last estimate is not best possible, as Schmidt [26] has shown in 1972 that

inf
|P|=N

‖D[P]‖∞ � logN, k = 2. (11)

On the other hand, Halton [19] has shown in 1960 that

inf
|P|=N

‖D[P]‖∞ �k (logN)k−1.

Thus for some time, it has been conjectured that

inf
|P|=N

‖D[P]‖∞ �k (logN)k−1.

In Beck and Chen [4, Section 9.2], this has been referred to as the Great open
problem.

More recently, the lower bound (10) has been improved to

inf
|P|=N

‖D[P]‖∞ �k (logN)
k−1
2 +δk
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for some δk ∈ (0, 12 ). The case k = 3 is due to Bilyk and Lacey [9] in 2008, whereas
the cases k > 4 are due to Bilyk, Lacey and Vagharshakyan [10] the same year.
And there are some who believe in the weaker conjecture that

inf
|P|=N

‖D[P]‖∞ �k (logN)
k
2 ,

but no more.
Meanwhile, Roth’s lower bound (9) has been extended in 1977 by Schmidt [28]

to

inf
|P|=N

‖D[P]‖q �k,q (logN)
k−1
2 , q > 1.

For q = 1, Halász [18] has shown in 1981 that

inf
|P|=N

‖D[P]‖1 �k (logN)
1
2 .

For upper bounds, the first result is due to Davenport [17] in 1956, that

inf
|P|=N

‖D[P]‖2 � (logN)
1
2 , k = 2. (12)

This has been extended by Roth [25] in 1980 to

inf
|P|=N

‖D[P]‖2 �k (logN)
k−1
2 , (13)

and subsequently by Chen [11] in the same year to

inf
|P|=N

‖D[P]‖q �k,q (logN)
k−1
2 . (14)

Perhaps it is reasonable to conjecture that

inf
|P|=N

‖D[P]‖q �k,q (logN)
k−1
2 .

4.1. Lower Bounds. We now explain the key ideas behind Roth’s deduction of
the lower bound (9). We shall restrict our discussion to the special case k = 2, as
the extension to higher dimensions is straightforward.

The first idea concerns trivial errors. Note that the point set P has N points,
so if we partition the unit square [0, 1]2 into 2N or more parts, then at least half of
these parts contain no points of P. More precisely, let us choose an integer n such
that 2n−1 < 2N 6 2n and partition [0, 1]2 into 2n congruent dyadic rectangles.
Then at least half of these rectangles contain no points of P. Note that if such a
rectangle B of area 2−n contains no point of P, then

D[P;B] = |P ∩B| −N2−n = −N2−n < −1

4
.

This is the trivial error.
Such trivial errors occur for rectangles not anchored at the origin. We now need

to transfer this information to rectangles that are anchored at the origin.
Suppose that A is a homothetic subset of B, of area 2−n−2. Then if B contains

no point of P, then neither does A, and we have D[P;A] < − 1
16 .
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Let x, y, z and w denote the four vertices of A, as shown below.

rectangle B of area 2!n contains no point of P

D[P;B] = Z[P;B] ! N2!n = !N2!n < !1
4

xz

wy
A

It is easy to see that

|P ∩B(x)|+ |P ∩B(y)| − |P ∩B(z)| − |P ∩B(w)| = |P ∩A|,

and that

µ(B(x)) + µ(B(y))− µ(B(z))− µ(B(w)) = µ(A).

It follows that

D[P;B(x)] +D[P;B(y)]−D[P;B(z)]−D[P;B(w)] = D[P;A].

This observation suggests that if a dyadic rectangle B of area 2−n contains no
point of P, then we define an auxiliary f on rectangle B by writing f(x) = ±1 as
shown below.

rectangle B of area 2!n contains no point of P

define an auxiliary function f on rectangle B by writing f(x) = ±1

B
+1

+1 !1
!1

Rademacher functions – well known orthogonal functions
This is a Rademacher function, part of a well known system of orthogonal functions.

To ensure that those dyadic rectangles B that contain points of P do not undo
our good work thus far, we define an auxiliary function f on such rectangles B by
writing f(x) = 0. The auxiliary function f can therefore be defined on the unit
square [0, 1]2. These are modified Rademacher functions, and the orthogonality
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property is preserved by this modification.

rectangle B of area 2!n contains one or more points of P

define an auxiliary function f on rectangle B by writing f(x) = 0

B " P = #

B " P $= #

+1
+1 !1
!1

0

modified Rademacher functions – orthogonal functions
We can consider dyadic rectangles of size 2−r1 × 2−r2 = 2−n, where r1 + r2 = n.

There are n + 1 choices for the pair r = (r1, r2), each giving rise to a modified
Rademacher function fr. Furthermore, we can choose the sign of fr to ensure that

∫

[0,1]2
D(x)fr(x) dx� 1,

where D(x) = D[P;B(x)]. Write

F (x) =
∑

r

fr(x). (15)

This is a sum of n+ 1 orthogonal functions, and
∫

[0,1]2
D(x)F (x) dx� n+ 1.

Orthogonality ensures that ‖F‖2 6 (n+ 1)
1
2 . The Cauchy–Schwarz inequality

∣∣∣∣∣

∫

[0,1]2
D(x)F (x) dx

∣∣∣∣∣ 6 ‖D‖2‖F‖2

then gives ‖D‖2 � (n+ 1)
1
2 � (logN)

1
2 .

Roth’s technique can be adapted to give an alternative proof of Schmidt’s lower
bound (11), as shown by Halász [18] in 1981. The auxiliary function (15) is replaced
by the function

H(x) =
∏

r

(1 + αfr(x))− 1 = αF (x) + α2G(α,x),

say, where α ∈ (0, 12 ) is fixed. It can be easily shown that the modified Rademacher
functions have super-orthoginality properties, in that if r1, . . . , rj are distinct, then
fr1(x) . . . frj (x) = ±1 equally often. This gives rise to the estimate ‖H‖1 6 2, so
that

∫

[0,1]2
D(x)H(x) dx 6 ‖H‖1‖D‖∞ 6 2‖D‖∞.
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Furthermore, it can be shown that
∫

[0,1]2
D(x)H(x) dx � α

∫

[0,1]2
D(x)F (x) dx

if α is sufficiently small.
However, the super-orthogonality property of the modified Rademacher functions

does not hold if the dimension k > 2, leading to very serious difficulties.

4.2. Upper Bounds via Diophantine Approximation. Attempts to establish
the upper bounds (12)–(14) have created a wealth of ideas and techniques. We now
describe some of these in brief.

We begin with Davenport’s attempt to establish the upper bound (12).
Suppose, for simplicity, that N = M2 is the square of an integer. Then a poorly

informed non-expert may suggest the following.

CHAPTER 5

Introduction to Upper Bounds

5.1. A Seemingly Trivial Argument

Let B denote a compact and convex set in the unit torus T2. For every real
number ! ! [0, 1], every rotation " ! [0, 2#] and every translation x ! T2, let

B(!, ",x) = {"(!y) + x : y ! B}

denote the similar copy of B obtained from B by a contraction by factor ! about
the origin, followed by an anticlockwise rotation by angle " about the origin and
then by a translation by vector x. We denote by A(B) the collection of all similar
copies of B obtained this way.

We begin our discussion here by making an inadequate attempt to establish the
following variant of Theorem 3.4.

Theorem 5.1. Let B denote a compact and convex set in T2. For every natural
number N ! 2, there exists a distribution P of N points in T2 such that

sup
A!A(B)

|D[P;A]| "B N
1
4 (log N)

1
2 .

Such simple and perhaps naive attempts often play an important role in the study
of upper bounds. Remember that we need to find a good set of points, and we often
start by toying with some specific set of points which we hope will be good. Often
it is not, but sometimes it permits us to bring in some stronger techniques at a
later stage of the argument.

For simplicity, let us assume that the number of points is a perfect square, so
that N = M2 for some natural number M . We may then choose to split the unit
torus T2 in the natural way into a union of N = M2 little squares of side length
M"1, and then place a point in the centre of each little square.

! ! ! ! ! ! ! !! ! ! ! ! ! ! !! ! ! ! ! ! ! !! ! ! ! ! ! ! !! ! ! ! ! ! ! !! ! ! ! ! ! ! !! ! ! ! ! ! ! !! ! ! ! ! ! ! !

Suppose that A ! A(B) is a similar copy of a given fixed compact and convex
set B. We now attempt to estimate the discrepancy D[P;A]. Let S denote the
collection of the N = M2 little squares S of side length M"1. The additive property

31

This is, however, as bad an attempt as anyone can possibly make. There are
rows and columns of points parallel to the edges of the rectangles B(x), creating

discontinuities of the discrepancy function of order of magnitude N
1
2 as we vary x,

and there is no way one can rescue the situation from this poor start.
If one has to start with a square lattice, then at least one should try to rotate a

suitably sized square lattice by a suitable angle. The lattice must have fundamental
region of area N−1, and the rotation is suggested by classical work of Hardy and
Littlewood [21, 22] close to a century ago on the number of lattice points in a right
angled triangle. In the picture below, a right angled triangle is carefully placed on
the lattice Z2, where the horizontal edge is halfway between two successive rows of
points and the vertical edge is halfway between two successive columns of points.
If one estimates the number of lattice points in the triangle by the area, then this
careful placement creates no error near these two edges.

CHAPTER 7

Upper Bounds in the Classical Problem

7.1. Diophantine Approximation and Davenport Reflection

We begin by making a fatally flawed attempt to establish1 Theorem 2.10.
Again, for simplicity, let us assume that the number of points is a perfect square,

so that N = M2 for some natural number M . We may then choose to split the
unit square [0, 1]2 in the natural way into a union of N = M2 little squares of
sidelength M!1, and then place a point in the centre of each little square. Let P
be the collection of these N = M2 points.

Let ! be the second coordinate of one of the points of P. Clearly, there are
precisely M points in P sharing this second coordinate. Consider the discrepancy

(7.1) D[P;B(1, x2)]

of the rectangle B(1, x2) = [0, 1) ! [0, x2). As x2 increases from just less than ! to
just more than !, the value of (7.1) increases by M . It follows immediately that

"D[P]"" ! 1

2
M # N

1
2 .

Let us make a digression to the work of Hardy and Littlewood on the distribution
of lattice points in a right angled triangle. Consider a large right angled triangle
T with two sides parallel to the coordinate axes. We are interested in the number
of points of the lattice Z2 that lie in T . For simplicity, the triangle T is placed so
that the horizontal side is precisely halfway between two neighbouring rows of Z2

and the vertical side is precisely halfway between two neighbouring columns of Z2.

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

!!!!!!!!!!!!!!!!

Note that the lattice Z2 has precisely one point per unit area, so we can think of
the area of T as the expected number of lattice points in T . We therefore wish
to understand the di!erence between the number of lattice points in T and the
area of T , and this is the discrepancy of Z2 in T . The careful placement of the
horizontal and vertical sides of T means that the discrepancy comes solely from the
third side of T . In the work of Hardy and Littlewood, it is shown that the size of
the discrepancy when T is large is intimately related to the arithmetic properties

1It was put to the author by a rather preposterous engineering colleague many years ago that

this could be achieved easily by a square lattice in the obvious way. Not quite the case, as an
obvious way would be far from so to this colleague.

41

Hardy and Littlewood have shown that the estimates are best when the slope of the
hypothenuse is a badly approximable number. For those who do not know what
badly approximable numbers are, take the slope to be

√
2 or

√
3, for instance.

Davenport’s approach is a variant of this idea.
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Consider the rectangle [0, 1)× [0,M), where M is a positive integer. Let Λ be a
lattice generated by the vectors (1, 0) and (φ, 1). Then the set

Q = Λ ∩ ([0, 1)× [0,M))

contains precisely M points.
Consider the rectangle B(x, y) = [0, x)× [0, y), where (x, y) ∈ [0, 1]× [0,M ].

IRREGULARITIES OF POINT DISTRIBUTION

WILLIAM CHEN

Survey given at the Workshop on
Small Ball Inequalities in Analysis, Probability Theory, and Irregularities of Distribution,

American Institute of Mathematics,
8 December 2008

(x, y)

B(x, y)

Department of Mathematics, Macquarie University, Sydney, NSW 2109, Australia
E-mail address: wchen@maths.mq.edu.au

It can be shown that the discrepancy

E[Q;B(x, y)] = |Q ∩B(x, y)| − xy

≈
∑

06=m∈Z

(
1− e(−mx)

2πim

)
 ∑

06n<y
e(φnm)


 .

Here the term 1 arises from the assumption that B(x, y) is anchored at the origin,
and causes technical difficulties.

To overcome this difficulty, Davenport introduces another lattice Λ′, generated
by the vectors (1, 0) and (−φ, 1). This is the mirror reflection of the lattice Λ across
the vertical axis. Then the set

Q′ = Λ′ ∩ ([0, 1)× [0,M))

also contains precisely M points, so that the set Q∗ = Q ∪ Q′ contains precisely
2M points. It can be shown that the discrepancy

F [Q∗;B(x, y)] = |Q∗ ∩B(x, y)| − 2xy

≈
∑

0 6=m∈Z

(
e(mx)− e(−mx)

2πim

)
 ∑

06n<y
e(φnm)


 .

We now have good enough estimates when φ is a badly approximable number.
A reasonable digression at this point is to consider whether it is possible to find

badly approximable numbers φ such that the technical difficulty can be overcome
without the need for reflection or any other modification.

A partial answer to this question is given by Sós and Zaremba [31], in a paper
submitted in 1980 and published in 1979. The technical difficulty can be overcome
if φ is the golden ratio. Last year, Bilyk [8] provides the full answer to this question.
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Let φ = [a0, a1, a2, . . .] be the continued fraction expansion of φ. Then the technical
difficulty can be overcome if and only if the alternating sum

n∑

k=1

(−1)kak �φ

√
n.

In 1979, Roth [24] provides an alternative approach to mirror reflection. Consider
instead the translated lattice

Λ(t) = Λ + (t, 0),

where t ∈ [0, 1]. In other words, the lattice Λ is translated horizontally through a
period. Then the set

Q(t) = Λ(t) ∩ ([0, 1)× [0,M))

also contains precisely M points. It can be shown that the discrepancy

E[Q(t);B(x, y)] = |Q(t) ∩B(x, y)| − xy

≈
∑

06=m∈Z

(
1− e(−mx)

2πim

)
 ∑

06n<y
e(φnm)


 e(tm).

We now do Fourier analysis on the variable t. Again, we have good enough estimates
when φ is a badly approximable number.

The parameter t here is a probabilistic variable, and this is the first occasion
when probability is used in discrepancy theory. As the reader will see, this proves
to be a very powerful technique.

4.3. Upper Bounds via van der Corput Sets. The establishment of the more
general upper bounds (13) and (14) by Roth [25] and Chen [11] respectively in 1980
is achieved with the help of van der Corput sets and their generalizations. Here we
shall concentrate on the upper bound when q = 2, and also restrict our discussion
to dimension k = 2 only, so we are again aiming for the inequality (12).

The van der Corput point set Ph of 2h points can be described in dyadic notation
in the form

Ph = {(0.a1 . . . ah, 0.ah . . . a1) : a1, . . . , ah ∈ {0, 1}}.
To visualise this set, imagine a point set that has the following remarkable property.
Let us partition the unit square [0, 1)2 into congruent dyadic rectangles of area 2−h.
These are of size 2−h1×2−h2 = 2−h, where h1, h2 > 0 and h1 +h2 = h, so there are
h + 1 different ways of doing this. No matter which one of these ways we choose,
each resulting rectangle contains precisely one point of the van der Corput set Ph.

For instance, the van der Corput point set P5 has 32 points,

Use of van der Corput point sets (from 1980):

• For simplicity, assume that N = 2s for some s ! N.

• Consider the set Ps = {(0.x1 . . . xs, 0.xs . . . x1) : x1, . . . , xs ! {0, 1}}.

• The set Ps has nice periodic structure.

• The picture below shows P5, containing 32 points.
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one in each rectangle below.

The van der Corput point sets possess nice periodicity properties. To see this,
let us look at P5 again, with the rectangle [ 12 ,

8
5 )× [0, 1) highlighted.• If we only show [12 , 5

8 )! [0, 1), of area 1
8 , then there are 32! 1

8 = 4 points
of P5 in this rectangle, with vertical distance 1

4 apart.

• In fact, for any integers m and h satisfying 0 " h " s and 0 " m < 2h,
the rectangle [m2!h, (m+1)2!h)! [0, 1) contains 2s!h points of Ps, with
vertical distance 2h!s apart.

• Any rectangle of the form [0, y1) ! [0, y2) is contained in a union of at
most s+1 sets of the form [m2!h, (m+1)2!h)! [0, y2), where 0 " h " s
and 0 " m < 2h. Each such set has discrepancy less than 1, and so the
discrepancy of the set [0, y1) ! [0, y2) is at most s + 1 # log N . This
is the trivial estimate, obtained by Lerch in 1904 and is essentially best
possible for the extreme discrepancy!

• (C + Skriganov) For every s $ N, the set Ps of 2s points satisfies
!

[0,1]2
|D[Ps;B(y)]|2 dy = 2!6s2 + O(s),

and so does not give desired upper bound.

Note that the vertical distribution of the points in the white strip is periodic.
Periodicity allows us to use the sawtooth function Ψ(z) = z − [z]− 1

2 . It can be
shown that

D[Ph;B(x1, x2)] ≈
h∑∗

i=1

(
αi −Ψ

(
x2 + βi

2i−h

))
,

where the ∗ in the summation denotes that some terms are not present, and that
the summation depends on x1. The terms αi arise from the assumption that the
rectangles are anchored at the origin. Note that the various functions Ψ in the
sum form a quasi-orthogonal system with respect to the variable x2, so the desired
result would follow on squaring the expression if the terms αi were not present.
Unfortunately, the sum

h∑∗

i=1

h∑∗

j=1

αiαj

leads to the asymptotic formula ‖D[Ph]‖22 = 2−6h2 +O(h), as observed by Halton
and Zaremba [20] in 1969. Thus the van der Corput sets Ph fail to give the desired
estimate (12).
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To overcome this difficulty, Roth considers vertical translation modulo 1, given
by

Ph(t) = Ph + (0, t),

where t ∈ [0, 1]. Then it can be shown that

D[Ph(t);B(x1, x2)] ≈
h∑∗

i=1

(
Ψ

(
zi + t

2i−h

)
−Ψ

(
wi + t

2i−h

))
,

a sum of quasi-orthogonal functions in the variable t.

4.4. Digit Shifts. Next, we consider a new idea introduced by Chen [12] in 1983.
Again, we restrict our discussion to the case when the dimension k = 2.

Consider again the picture of P5, with the rectangle [ 12 ,
8
5 )× [0, 1) highlighted.• If we only show [12 , 5

8 )! [0, 1), of area 1
8 , then there are 32! 1

8 = 4 points
of P5 in this rectangle, with vertical distance 1

4 apart.

• In fact, for any integers m and h satisfying 0 " h " s and 0 " m < 2h,
the rectangle [m2!h, (m+1)2!h)! [0, 1) contains 2s!h points of Ps, with
vertical distance 2h!s apart.

• Any rectangle of the form [0, y1) ! [0, y2) is contained in a union of at
most s+1 sets of the form [m2!h, (m+1)2!h)! [0, y2), where 0 " h " s
and 0 " m < 2h. Each such set has discrepancy less than 1, and so the
discrepancy of the set [0, y1) ! [0, y2) is at most s + 1 # log N . This
is the trivial estimate, obtained by Lerch in 1904 and is essentially best
possible for the extreme discrepancy!

• (C + Skriganov) For every s $ N, the set Ps of 2s points satisfies
!

[0,1]2
|D[Ps;B(y)]|2 dy = 2!6s2 + O(s),

and so does not give desired upper bound.

Take left half of the white strip and translate up by 1
4 . Alternatively, replace the

left half of white strip by the right half. Note that they give the same effect. Now
note that the latter is achieved by shifting the digit a3 of the first coordinates of the
point set. This little illustration shows that the Roth translation can be replaced
by a collection of h digit shifts.

Indeed, digit shifts enable us to establish the upper bounds (13) and (14) using
point sets that do not possess the periodicity property of the van der Corput point
sets and thus the Roth translation technique is not applicable.

4.5. Group Structure. Again we restrict our discussion to dimension k = 2.
Consider again the van der Corput point set

Ph = {(0.a1 . . . ah, 0.ah . . . a1) : a1, . . . , ah ∈ {0, 1}}.
Let ⊕ denote coordinatewise and digitwise addition modulo 2. Then (Ph,⊕) forms
a group isomorphic to Zh2 .

The group characters are the Walsh functions, with values ±1. The collection
of Walsh functions forms an orthonormal basis for L2([0, 1]), so we can perform
Fourier–Walsh analysis.

Next, let p denote any prime number. We consider van der Corput point sets

Ph = {0.a1 . . . ah, 0.ah . . . a1) : a1, . . . , ah ∈ {0, 1, . . . , p− 1}}
of ph points in [0, 1)2. Let ⊕ denote coordinatewise and digitwise addition modulo p.
Then (Ph,⊕) forms a group isomorphic to Zhp .

The group characters are the base p Walsh functions, with values p-th roots of
unity. The collection of such functions forms an orthonormal basis for L2([0, 1]), so
we can perform base p Fourier–Walsh analysis.

The above observantion forms the basis for explicit proofs of the bounds (13) and
(14) by Chen and Skriganov [14] in 2002 and by Skriganov [30] in 2006 respectively.
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5. Discrepancy with respect to Homothetic Copies of a Convex Set

Let U = [0, 1]2, treated as a torus. Suppose that A is a convex compact set in
U satisfying some mild technical condition. We take

B = {A(λ,x) : λ ∈ [0, 1],x ∈ [0, 1]2}
to be a collection of homothetic copies of A, each obtained from A by a contraction λ
and a translation x, with integral geometric measure dB = dλ dx.

In 1988, Beck [3] has shown that

inf
|P|=N

‖D[P]‖∞ �A max{(logN)
1
2 , ξ(A,N)},

where ξ(A,N) is finite if A is a convex polygon, and ξ(A,N) = N
1
4 if A is a circular

disc.
Suppose further that A is a convex polyon. Then Beck can prove that

inf
|P|=N

‖D[P]‖2 �A (logN)
1
2 .

This result is sharp, as Beck and Chen [7] have shown in 1997 that

inf
|P|=N

‖D[P]‖2 �A (logN)
1
2 .

Note that this study is in the spirit of the classical discrepancy problem as
formulated by Roth. Beyond the classical problem, these last two bounds remain
the only known best results concerning discrepancy with respect to homothetic
copies of a given convex compact set.

Virtually nothing beyond the classical discrepancy problem is known when the
dimension k > 2. This is known as the Greater open problem.
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